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New Global Navigation Satellite System Ambiguity
Resolution Method Compared to Existing Approaches

Sandra Verhagen* and Peter J. G. Teunissen’
Delft University of Technology, 2629 HS Delft, The Netherlands

Integer carrier phase ambiguity resolution is the process of resolving unknown cycle ambiguities of double-
differenced carrier phase data as integers, and it is a prerequisite for rapid and high-precision global navigation
satellite system positioning and navigation. Besides integer estimation, integer ambiguity resolution also involves
validation of the integer estimates. In this contribution a new ambiguity resolution method is presented, based
on the class of integer aperture estimators, which for the first time reveals an overall approach to the combined
problem of integer estimation and validation. Furthermore, it is shown how the different discrimination tests that
are currently in use in practice can be cast into the framework of the new approach.

Introduction

HE principle of positioning with a global navigation satellite

system (GNSS) is based on determining the distance of at least
four GNSS satellites to a receiver. For that purpose two types of dis-
tance measurements are employed: the code-based pseudoranges
and the carrier-phase measurements. The code observation is based
on a binary code, which is modulated on the signal carrier. Using
only the code measurements allows positioning with an accuracy
of several meters. The phase measurement equals the difference be-
tween the phase of the receiver-generated carrier signal at reception
time and the phase of the carrier signal generated in the satellite at
transmission time. It can be measured to within millimeters. How-
ever, an integer number of full cycles is unknown since only the
fractional phase can be measured. The distance from receiver to
satellite, /, is thus

[ =Ap+AN +e (1)

with ¢ the phase measurement, A the wavelength of the carrier sig-
nal, N the real-valued ambiguity, and e containing all noise and
biases, such as atmospheric delays, multipath, and clock errors.
Currently, GPS transmits on two frequencies, with wavelengths of
19.0 and 24.4 cm. In the future a third frequency will be avail-
able, with a wavelength of 25.5 cm. The future Galileo system will
transmit on four frequencies with wavelengths of 19.0, 23.4, 24.8,
and 25.5 cm.

To allow positioning with subcentimeter accuracy, it is thus re-
quired to use the very precise carrier-phase measurements, and
hence to resolve the unknown integer ambiguities. Furthermore, the
principle of differential GNSS is used. Differential GNSS involves
the use of linear combinations of the GNSS observations from dif-
ferent satellites and receivers, so that common errors are eliminated
or mitigated, such as clock errors and atmospheric delays. Besides
the user receiver, one or more reference receivers in known locations
are required for that purpose. The GNSS models may differ greatly
in complexity and diversity. They range from single-baseline mod-
els used for kinematic positioning to multibaseline models used as a
tool for studying geodynamic phenomena. The models may or may
not have the relative receiver—satellite geometry included. They may
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also be discriminated as to whether the slave receiver(s) is stationary
or in motion, or whether the differential atmospheric delays (iono-
sphere and troposphere) are included as unknowns. A more detailed
description of the GNSS observations and an overview of models
can be found in textbooks such as Refs. 1-5.

GNSS ambiguity resolution is the fundamental problem to be ad-
dressed in this contribution. Its importance stems from the fact that
itis the key to rapid and precise GNSS relative positioning. Once the
integer ambiguities are resolved one can take full advantage of the
highly precise carrier phase measurements. GNSS ambiguity reso-
lution has important applications in surveying, navigation, geodesy,
and geophysics. The applications become more demanding in terms
of precision, reliability, availability, and integrity all the time. This is
possible thanks to advances in hardware and algorithms. Examples
of some highly demanding applications are precision approaches
and landing of aircraft,%” attitude determination,®~!' and formation
flying of satellites.'>!3

To explain the problem of integer ambiguity resolution, we will
start with the general GNSS model. Any linear(ized) GNSS rela-
tive position model can be cast in the following system of linear
observation equations:

E{y} = Aa + Bb, aclZ", beR’ ?2)
with E{-} the mathematical expectation operator, y the random
m-vector of observables, a the n-vector of unknown integer parame-
ters, and b the p-vector of unknown real-valued parameters. The data
vector y will then usually consist of the “observed minus computed”
single- or multifrequency double-difference phase and/or pseudor-
ange (code) observations accumulated over all observation epochs.
The entries of the integer vector a are the double differences of the
real-valued carrier phase ambiguities NV, expressed in units of cycles.
The entries of the real-valued vector b will consist of the remaining
unknown parameters, such as baseline components (coordinates)
and atmospheric delay parameters (troposphere, ionosphere).

It is the goal of integer ambiguity resolution to exploit the inte-
gerness of the ambiguity vector a when estimating the parameters
of interest, which are usually the components of b. In the liter-
ature on GNSS ambiguity resolution one can recognize two dif-
ferent approaches to this problem, the Bayesian approach and the
non-Bayesian approach. In the Bayesian approach, not only the vec-
tor of observables y is assumed random, but also the two vectors of
unknown parameters, a and b. The improper priors of a and b are
then assumed independent and proportional to an integer-centered
pulse train and a constant, respectively. The Bayes estimate of b is
then taken as the conditional mean of the posterior probability den-
sity function (PDF) of b. Examples of Bayesian analyses of GNSS
ambiguity resolution can be found in Refs. 14-18. How the Bayesian
approach compares to the non-Bayesian approach of integer equiv-
ariant minimum variance estimation is shown in Ref. 19.
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In the present contribution we will use a non-Bayesian approach
throughout. Thus only y is considered to be a random vector.
The two parameter vectors a and b are unknown and nonran-
dom. The procedure for solving this GNSS model is then usu-
ally divided into three steps. In the first step the integer con-
straints @ € Z" are discarded and a and b are estimated by the
method of least squares, As a result, one obtains the so-called
“float” solution & and b. This solution is real- Valued and it is
glvenasa_(ATQ LA)~ 1ATQ yandb_(BTQ B)'BT Q! y,
respectlvely, with A=P1A and B= PF B where PL_I
A(ATQ), A)TTAT Q7! Pg_l —B(BTQ B)~ 'BTQ). and Q}
is the variance matrix of y.

Then, in the second step, the float solution a is further adjusted
to take the integerness of the ambiguities into account. This is done
by mapping a to an integer vector a,

a = S(a) 3

with § : R" > Z". This estimator is then used in the final step to
adjust the float estimator b. As a result one obtains the so-called
“fixed” estimator of b as

b=b-0;0;'@—a )

in which Q; denotes the variance matrix of @ and Qj, denotes the
covariance matrix of b and 4. The matrix product Ops Q , when
expressed in A and B, reads Q,MQ_ =(BTQ;'B)" BTQ A.

The above three-step procedure is still amblguous in the sense
that it leaves room for choosing the n-dimensional map S. Different
choices for § will lead to different ambiguity estimators and thus also
to different baseline estimators b. Examples of integer estimators
that are in use in practice are the ones based on integer rounding,
integer bootstrapping, and integer least squares.

Next to the integer estimation step, integer validation also plays
a crucial role in the process of ambiguity resolution. After all, even
when one uses an optimal, or close to optimal, integer ambiguity
estimator, one can still come up with an unacceptable integer so-
lution. Unfortunately, however, there does not yet exist a rigorous
probabilistic theory for the validation of integer ambiguities. Vari-
ous validation procedures have been proposed in the literature. Some
seem to have good performance; others, however, can be shown to
perform poorly, whereas still others perform poorly in some cases
and well in other cases. One of the earliest and most popular ways
of validating the integer ambiguity solution is to make use of the
so-called ratio test. The test statistic of the ratio test is defined as the
ratio of the squared norm of the “best” ambiguity residual vector and
the squared norm of the “second-best” ambiguity residual vector.
The computed integer ambiguity solution is then rejected in favor
of the float solution when this ratio exceeds a certain user-defined
threshold. Also, the so-called F-ratio test, the difference test, and
the projector test are in use in practice. They also are defined so
that the test statistics depend on the best and second-best ambiguity
estimators.

In this contribution we will study the properties and underly-
ing concept of these tests. It will be shown that the procedure un-
derlying the tests can be given a firm theoretical footing, but one
that differs significantly from the ones described in the literature.
For the practical user of the tests this has the important conse-
quence that the tests have to be evaluated differently then thought
so far.

The firm theoretical basis that can be given to the tests is made
possible by the recently introduced theory of integer aperture (IA)
inference.” The required ingredients of this theory will be briefly
described. It will be shown that the procedure underlying the ratio
test, the difference test, and the projector test are all members from
the class of integer aperture estimators. This allows us 1) to quantify
and qualify the acceptance region of the tests, 2) to give an exact and
overall probabilistic evaluation of the combined integer estimation
and validation solution, and 3) to show the user how he/she needs
to compute the critical value of the discrimination test at hand. But
it will also be shown how the optimal integer aperture estimator can
be defined, so that the probability of correct integer estimation is

maximized, and at the same time the failure rate will not exceed a
user-defined threshold.

The outline of this contribution is as follows. First the theory of
integer estimation is reviewed. Then the theory of integer aperture
estimation is introduced. The following sections are then devoted
to the various tests that are currently in use in practice. For each of
the tests it will be proven that the underlying procedures are indeed
members from the class of integer aperture estimators, and it will be
shown how the corresponding acceptance regions are constructed.
Finally, the properties of the tests will be evaluated based on sim-
ulations. The results will also be used to compare the performance
of the discrimination tests with that of the optimal integer aperture
estimator.

Integer Ambiguity Resolution

Integer Estimation

We start by introducing the class of integer estimators. Because
S : R" > Z" in Eq. (3) is a many-to-one map, different real-valued
vectors will be mapped by S to the same integer vector. Therefore,
asubset S, C R” can be assigned to each integer vector z € Z":

=xeR'|z=8Kx),z€Z"} 5)

This subset S, contains all real-valued float ambiguity vectors that
will be mapped to the same integer vector z, and it is called the pull-
in region of z.2""?> One can now define the class of integer estimators
through the conditions that these pull-in regions have to fulfill. We
require the pull-in regions to satisfy the following three conditions:

H S =R
zez"
2) Int(S,) ﬂInt(SZ) =0, Vu,z € 7", u#z
3) S, =z4+ S, VzeZ" (6)

where “Int” denotes the interior of the subset. Hence, the pull-in
regions are required to be translationally invariant and to cover R"
without gaps and overlaps. In Ref. 23 the motivation for this defi-
nition is given. It follows that every integer estimator ¢ can now be

expressed as
=) (@) @)

zez"

with the indicator function, s, (x), defined as

() = 1 if xes,
S ¥) = 0 otherwise )

Examples of estimators that belong to this class of integer estimators
are integer rounding, integer bootstrapping, and integer least squares
(ILS). Their pull-in regions are the multivariate versions of a square,
a parallelogram, and a hexagon, respectively. The pull-in regions
always have a volume equal to one.

It will be clear that the outcome of an integer estimator should
only be used if one has enough confidence in the solution. Hence,
one needs to evaluate the distribution of

4= Zzsz(&)

zeZ”

This distribution, denoted as P (¢ = 7), is a probability mass function
with zero masses at noninteger points, and nonzero masses at some
or all integer points. With the division of R" into mutually exclusive
pull-in regions, the distribution of & follows as**

Pa=z)=P@cs.)= / fi)ydx,  zeZ' (9
Sz

where f;(x) is the continuous probability density function (PDF)
of the float ambiguity vector a. In most GNSS applications the data
are assumed to be normally distributed, and thus the estimator a will
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be normally distributed too with mean a € Z" and variance matrix
Q;. The PDF is then given by

fa(x) = Cexp{—3lx —al}, } (10)

where C is a normalization constant.

From the probability mass function of d, one is particularly inter-
ested in the probability of correct integer estimation, the so-called
success rate of ambiguity resolution. The successrate P, = P(d = a)
follows from Eq. (9) as

P;=P(Zz=a>=/ fa(x)dx=/ fik+ayde (D)
Sa So

Note that the success rate can be computed without knowledge of a
for any distribution of a that is translated over a when the mean a is
subtracted from the stochastic variable a, that, f; (x) = f; _.(x —a).
Obviously, this is the case for the normal distribution of Eq. (10).

Since the success rate depends on the pull-in region and there-
fore on the chosen integer estimator, it is of importance to know
which integer estimator maximizes the probability of correct inte-
ger estimation. For an arbitrary PDF the solution is given in Ref. 25.
For elliptically contoured distributions, such as the multivariate nor-
mal distribution, the ILS-estimator can be shown to be the optimal
estimator.2® The ILS estimator is given as

dus =arg min [|a — z|3,. (12)
ZEZ” a
with the squared norm | - [|3, = ()" Q7' (). Note, since

ly — Aa — Bbl, =y — Aa— BbI%, + lla—al’,

Hlb—=b = 05507 @ = @Iyr
that &g and bys=b— 0i; Q&_1 (@ —ars) is the solution of
ming cgn pepn ||y — Aa — BI7||2Qv (Ref. 26).

In contrast to integer rounding and integer bootstrapping, an in-
teger search is needed to compute ¢ 5. The ILS-procedure is mech-
anized in the LAMBDA (least-squares ambiguity decorrelation ad-
justment) method,?*=2® which is currently one of the most applied
methods for GNSS carrier phase ambiguity resolution. Practical re-
sults obtained with it can be found, for example, in Refs. 9, 11,
13, 21, and 29-41. Further studies on the decorrelation step of the
LAMBDA method can be found in Refs. 42—46.

To evaluate the success rate of ILS-estimation, we need to inte-
grate the PDF over the ILS pull-in region; cf. Eq. (11). The ILS
pull-in region that belongs to the integer vector z is given as

S: = {x eR"|x — lei)& <|x- u||2&,Vu € Z"}
= (N {x e R [[e70;' @~ 2)| < Slelly, ] (13)
cezh

Hence, the ILS pull-in regions are constructed as intersecting half-
spaces, which are bounded by the plane orthogonal to (# — z),
u €Z", and passing through %(u + z). Because of the complexity
of the geometry of the ILS pull-in region, it is not possible to give
an exact evaluation of the ILS success rate. One has to resort to
Monte Carlo methods or to the use of lower and upper bounds. For-
tunately sharp bounds are available for evaluating the ILS success
rate. An overview and evaluation of lower and upper bounds is given
in Ref. 47.

Integer Validation in Practice

It is important to realize that the success rate as introduced here
is a diagnostic measure for the expected performance of the integer
estimator, but not of its actual performance. Thus even if the success
rate is considered large enough, it can still happen that an actual
outcome of the integer estimator is erroneous. This is why in practice
so-called discrimination tests are used. Of course, one can never be
sure whether the integer outcome is correct or not. But what one
can do is to single out integer outcomes that are suspect. This is
the whole purpose of the discrimination tests. Several such tests

have been proposed in the literature and are currently in use in
practice.38:48-5

All these tests compare in one way or another the ILS solution
ars with a so-called “second best” integer solution ¢’. Based on
this comparison, the outcome of the discrimination tests is either to
accept the integer solution d; s, or to reject it in favor of the float
solution a. Examples of discrimination tests are the ratio test, the
difference test, and the projector test.

Unfortunately, all discrimination tests proposed in the literature
until now lack a sound theoretical basis. They have been introduced
in an ad hoc way, their evaluation is based on the incorrect assump-
tion that d; s and d’ are nonrandom, they use critical values that are
chosen as fixed values, and their performance is treated separately
from the performance of the integer estimator. An overview of how
these tests are used in practice and their pitfalls is given in Ref. 56.
In this contribution it will be shown that it is possible to give a theo-
retical foundation to these tests. It will be shown that the tests all fit
in the framework of the new class of integer aperture estimators. As
a result, the probabilistic evaluation of integer aperture estimation
makes it possible to give an overall evaluation of both the integer
estimation part and the integer discrimination part.

Integer Aperture Estimation

The idea behind IA estimation is to distinguish between the fol-
lowing three situations: success if the integer ambiguity is estimated
correctly, failure if the integer ambiguity is estimated incorrectly,
and undecided if the real-valued float solution is maintained. These
three possible outcomes can be brought together in one estimator
if one drops the condition that there may be no gaps between the
pull-in regions. To achieve this, we now take, instead of the whole
space R", a subset 2 CR" as the region for which a is mapped
to an integer. Thus a is mapped to an integer if a € Q and the float
solution is maintained if @ € R" \ . The region €2 is called the aper-
ture space. To ensure that any integer-perturbed version of a gets
mapped to an integer whenever 4 itself is mapped to an integer, the
aperture space is required to be translationally invariant, Q2 = Q + z,
Vz € Z". To determine to which integer the float solution is mapped,
we introduce

Q, =QnS, VieZ' (14)

where S, is a pull-in region satisfying the conditions of Eq. (6). Then

H Ne=9
zez
2) Int(Q,) () In(Q,) =4, Vu,z € 2", u#z
3) Q=:+Q), Vzez" (15)

This shows that the subsets €2, C S, satisfy conditions similar to
those satisfied by S,, with R" replaced by 2 C R". The IA estimator
can now be defined as follows. The IA estimator maps the float
solution a to the integer vector z when a € €2, and it maps the float
solution to itself when a ¢ Q2. Any IA estimator, denoted as a, can
then be expressed as

a=Y z0.() +&<1 -3 wz(&)) (16)

zez" zez”

with the indicator function, w, (x), defined as

1 ifxeq,

0 (x) = {0 otherwise (17)
Compare Eq. (16) with Eq. (7). Note that an IA estimator is com-
pletely defined once €2 is chosen. This subset can be seen as an
adjustable pull-in region with two limiting cases: the limiting case
in which € is empty and the limiting case in which €2 equals Sp. In
the first case the IA estimator becomes identical to the float estimator
a, and in the second case the IA estimator becomes identical to an
integer estimator. The subset €2 therefore determines the aperture
of the pull-in region.
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To be able to evaluate an IA estimator, we need to distinguish
between the following three cases:

ae, success: correct integer estimation
a € Q\{Q,} failure: incorrect integer estimation
a¢gQ undecided: ambiguity not fixed to an integer

where Q2 \ 2, means that €2, is deleted from the set €2, with a being
the unknown integer ambiguity vector.

The corresponding probabilities of success (s), failure (f), and
undecidedness () are given by

P _P(a_a)_/ fa(x)dx

ffa(x)dx—f fe(X)dx—/ fa(x)dx
ze7"\{a)

Pu=l—P$—Pf=l—‘/. fe(x)dx (18)
Qo

The first two probabilities are referred to as success rate and failure
rate, respectively. The expression for the failure rate is obtained by
using the probability density function of the ambiguity residuals
é=a—a (Ref. 24):

o) = D falw + 2s0(x) (19)

zez”

with sy(x) the indicator function of Eq. (8), and € the estimator of
€ =a — awith f,(x) = f2(x + a). Evaluation of the PDF in Eq. (19)
involves an infinite sum. In Ref. 57 it is demonstrated how a finite
integer set can be chosen for which this sum converges with an
approximation error on the order of 10~# within reasonable compu-
tation times.

As mentioned earlier, for a user it is especially important that the
failure rate be below a certain limit. The approach of integer aperture
estimation now allows us to choose a threshold for the failure rate,
and then determine the size of the aperture pull-in regions such that
the failure rate will be equal to or below this threshold. Once the
failure rate Py has been chosen, the various other probabilities can
be computed. For a user, knowledge of the unconditional success
rate P; = P(a = a) and the conditional success rate P(a =ala € Q)
is particularly important. The unconditional success rate describes
the probability of a correct outcome, whereas the conditional suc-
cess rate describes the probability that an integer outcome is correct.
Because P, + P, equals the probability of an integer outcome, the
conditional success rate is given by the ratio P, /(P + P). Hence,
the conditional success rate will be close to one when the failure
rate is chosen close to zero. This implies that one can have very
high confidence in the correctness of the integer outcomes of the
integer aperture estimator, even for modest values of the uncondi-
tional success rate. IR one used an integer estimator instead of an
integer aperture estimator, then such a high confidence could only
be reached once the success rate of the integer estimator was close
to one; cf. Eq. (11).

Application of this fixed failure rate approach means that implic-
itly the ambiguity estimate is validated using a sound criterion. This
is an important result, because it means that the integer aperture
estimation method for the first time reveals an overall approach to
the problem of integer ambiguity estimation and validation, which
allows probabilistic evaluation of the final solution.

Perhaps superfluously, we note that these properties hold true on
the average, but not necessarily for the individual outcomes of a
single experiment. This is inherent in any probabilistic evaluation
of random phenomena. Thus an outcome a = a, for instance, is no
guarantee that the corresponding rejected outcome a is further apart
from the correct integer a than a is from a. The probability, however,
that the estimator a is further apart from a than the estimator 4 is
from a is less than the failure rate and therefore small.

So far, we have not specified the aperture pull-in regions com-
pletely. There are still several options left with respect to the choice
of the shape of the aperture pull-in regions. In the following sections
it will be shown that the procedures underlying the discrimination
tests are all examples of integer aperture estimators. For the different
tests it will be shown how the shape of the aperture pull-in regions
is determined.

Optimal Integer Aperture Estimation

It is also possible to define an optimal integer aperture estimator
by requiring that the success rate will be maximized for a given
failure rate; that is, the optimization problem is given by

max P, subjectto Py = (20
Qu=0N5, ’

where B is the chosen value for the fixed failure rate. For an arbi-
trary PDF of a the solution to the optimization problem is presented
in Ref. 58. For elliptically contoured distributions, the optimal in-
teger aperture estimator can be regarded as a combination of ILS-
estimation and the following test:

Sfe(és)
fas -

Accept ar g iff: w>1 21

with € s =a — dars. Note that for the computation of f,(é.s) and
f+(€Ls) knowledge of a is not needed for any distribution for which
fa(x) = fs_a(x — a). If for instance the normal distribution is used,
fe(éLs) = fa(éLs +a) can be computed with Eq. (10), and then a
is eliminated. Equation (19) is used for the computation of f; (é.s).
Because of the infinite sum over all integers, again knowledge of
the true integer a is not required. Furthermore note that, because
é 5 € Sy, the factor sy(€rs), which is needed for the evaluation of
Sz (€Ls) with Eq. (19), will always come out to be 1. Hence, with
the normal distribution for the float ambiguity estimator, the ratio
in Eq. (21) becomes

fe(és) Zzez’l eXP{_%”gLS +Z”2Qa}
fe(éws) exp{—3llésl, }

We note that the above optimal integer aperture estimator can also
be interpreted from two different alternative viewpoints. The first
one is a Bayesian viewpoint in which all parameters are considered
random, with a diffuse prior assumption for the integer parameters.
In this context, the ratio on the left-hand side of the inequality in
Eq. (21) is equal to the reciprocal marginal a posteriori probabil-
ity of d.g being the true integer vector.'>'® The second alternative
viewpoint is provided by the non-Bayesian penalized ambiguity es-
timator introduced in Ref. 59. With this estimator the user is given
the possibility of assigning penalties to each of the possible out-
comes of the estimator. The average of all penalties is minimized
by the penalized ambiguity estimator. When penalties are assigned
to the three cases, success, failure, and undecided, the structure of
the penalized ambiguity estimator is the same as that of the optimal
integer aperture estimator. The parameter u of Eq. (21) will then be
a function of the assigned penalties.

The optimal test of Eq. (21) has the highest possible success rate,
unconditional as well as conditional, for a given failure rate. The
critical value w is referred to as the aperture parameter, because it
determines the size of the aperture pull-in regions; it is completely
determined by the constraint on the failure rate, Py = . The higher
the failure rate, the higher the value of i, and hence the larger the
aperture of 2. The aperture parameter u cannot be smaller than
one, because the numerator of Eq. (21) is always larger than the
denominator. If the failure rate is required to be smaller than the
success rate, which is a reasonable condition, it can be shown that
1 must then be smaller than 2, because Py < (u — 1) P, (Ref. 58).

The computational steps involved in computing the optimal inte-
ger aperture estimator are now as follows. First compute the inte-
ger least-squares solution, d;s. Then form the ambiguity residual,
é.s =a — das, and check whether ¢ s € Qo; cf. the test of Eq. (21). If
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this is the case then the outcome of the optimal estimator is dy 5, oth-
erwise the outcome is a. For computational efficiency it is advisable
to compute d; g with the LAMBDA method and use the LAMBDA-
transformed ambiguities also for the evaluation of €, s € .

In the next and following sections we will consider four discrim-
ination tests that are currently in use and show that each of the
underlying procedures is an example of an IA-estimator. The tests
considered are the ratio test, the F-ratio test, the difference test, and
the projector test.

Ratio Test

A very popular discrimination test is the one introduced in Ref. 50.
It is given by

o la-aly, R
Accept a iff: —_— = >
la —asslly, R

\

c (22)

where the notation R; is used for the squared norm of ambiguity
residuals of the best (i = 1) and second-best (i = 2) integer solution,
ars and a, respectively, as measured by the squared norm of the
ambiguity residual vector.

A problem with this approach is that the determination of the
critical value is not straightforward. In Ref. 50 the test statistic is
derived by applying the classical theory of hypothesis testing. How-
ever, to determine the critical value, incorrect assumptions are made
on the probability distributions of the parameters involved. Other
approaches have also been proposed in the literature, all based on
choosing a fixed critical value for test (22), without a theoretical
basis. See Ref. 60 for more detailed comments on the approaches
proposed in the literature.

Another point of criticism of the ratio test is that the combined
integer estimation and validation solution lacks an overall proba-
bilistic evaluation.

But, despite this criticism, integer validation based on the ratio
test is often reported to work satisfactorily in practice.

Integer Aperture Estimation with the Ratio Test

It will be shown that the procedure underlying the ratio test is a
member of the class of integer aperture estimators. In the sequel the
inverse of the test statistic of Eq. (22) will be used:

Accept ars iff:  Ri/Ry < u, O<u=<l (23)

The critical value is denoted as w. For the following to be true,
the condition 0 < & < 1 must be fulfilled. The acceptance region or
aperture space is then given as

Q= {xeR"| |x—islly, < ulx =il 0<n =1} @4
with X s and X, the best and second-best estimators of x, respec-
tively. Let 2, = Q N §;; that is, 2, is the intersection of Q2 with
the ILS pull-in region as defined in Eq. (13). Then all conditions of
Eq. (15) are fulfilled, because

Q= {x € R" | Ixl}, < ulx —zll},. ¥z € 2"\ (0}

Q=Q+z VieZ
Q= U @
zez” (25)

The proof is as follows:

Q.=QNS.
= {res. llx —dusl, <pllx —%lp,, 0<p <1}
= {r €S llx — sy, < pllx —ully,, Yu € 2" \ {Fis),
0<[,L§1}

= {xeS. [x—zl}, <plx—ully, . YueZ'\{z}.0<p <1}

= {xeR" [lx —zllp, < ullx —ullfy,, Vu e Z"\ {2},
O<pu< 1}
= {x eR" [Iylly, <ully —vlg,, Yo e Z" \ {0},

x=y+z,0<p<l}
ZQﬂSO-FZ
=Qo+z

The first two equalities follow from the definition of the ratio
test, and the third from ||x—st||2 < ||x—x2||2 <||x—u||2 ,
YueZ"\ {xs}. The fourth equahty “follows because XLs=2 s
equivalent to x € S,. The fifth equality follows from the fact that
0 < u < 1. The last equalities follow from a change of variables,
and the definition of Q¢ = Q2 N . Finally, note that

LJsztﬂQﬂ&)zﬂﬂ(LJ&>

zez" zez" zez"

This ends the proof of Eq. (25).

The acceptance region of the ratio test consists thus of an infinite
number of regions, each one of which is an integer-translated copy
of Qy C Sp. The acceptance region plays the role of the aperture
space, and p plays the role of the aperture parameter, because it
controls the size of the aperture pull-in regions.

It has now been shown that indeed there is a theoretical basis for
the ratio test, because the underlying procedure is an integer aperture
estimator and there is a sound criterion available for choosing the
critical value, or aperture parameter, by means of the fixed-failure-
rate approach described at the end of the section on integer aperture
estimation.

Ratio Test Aperture Pull-in Region

To understand how the size and shape of the ratio test aperture
pull-inregion is governed by the aperture parameter and the variance
matrix of the float solution, we will now reveal its geometry. From
the definition of the aperture pull-in region, €2y, the following can
be derived:

Q:lxly, <mlx—zlf,. YzeZ'\{0}, O<p<I

S - w/ux + 21}, < A/wlalll,. Yz e Z"\(0)

x4+ Ip/( = wlzly, < /(- wlizlg,

VzeZ"\ {0} (26)

This shows that the aperture pull-in region is equal to the inter-
section of all ellipsoids with centers —[u/(1 — u)]z and radius
[t/ (1= ]zl g, -

In fact, the intersection region is only determined by the adjacent
integers, because Yu € Z" not being adjacent, Eq. (26) is always
fulfilled Vx € Sy. It follows from Egs. (24) and (25) that for all
x € Sy on the boundary of 2,

2 2 : 2
xllp, = wrllx —zllyp, z=arg min |x —z|l,.
I3, = pllx =zl g min flx—zl,

So z is the second closest integer and must therefore be adjacent.
Hence, the following is always true:

Il = wllx = 2y, < plix —uly,,  YueZ'\(02)
and thus the integers u# do not have any influence on the boundary
of the aperture pull-in region.

This means that the integer least-squares pull-in region Sy can be
split up into sectors, all having another integer z, as second closest;
that is, ||x||2 <llx —ZzH2 <|lx—ul%., Yu € Z"\ {0}. Within a
sector, the aperture pull-in region is then ‘equal to the intersection of
the sector with the ellipsoid with center —[x¢/(1 — )]z, and radius
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0.5

Al S VN —

Fig. 1 Geometry of ratio test aperture pull-in region. For all x that
fall into the gray region, the second closest integer is z=[—1 0]”.
The boundary of the aperture pull-in region within this gray region
is then equal to the ellipsoid with center —[u/(1—p)]z; and radius
[vu/(A—p)||z2]|g,- Examples are shown for p, 0.1, 0.5, and 0.8, re-
spectively. Ellipsoids are gray; aperture pull-in regions black.

-5 -1 -05 0 05 1 15

Fig. 2 Geometry of ratio test aperture pull-in region (gray); examples
for two variance matrices. Top: identity matrix, p=0.5; bottom: Qj,
n=04.

[/ = w)]llz2llg,- This is illustrated for the two-dimensional
case in Fig. 1, with

—0.0364

[ 0.0865
‘o 0.0847

—0.0364
] =0 @7

It can be seen that especially for larger u, the shape of the aperture
pull-in region starts to resemble that of the ILS pull-in region. The
reason is that for larger i the radius of the ellipsoid increases, and
the center of the ellipsoid is further away, but in the direction of
[z2, —z2], and the ellipsoid has the same orientation as the ILS pull-
in region.

Figure 2 shows two two-dimensional examples of the geometry
of the aperture pull-in regions. For a diagonal matrix, the ILS pull-in
region becomes square and there are only four adjacent integers. It

can be seen in the left panel that indeed only these four integers de-
termine the shape of the aperture pull-in region. With the covariance
matrix Q; there are six adjacent integers determining the shape.

F-Ratio Test

The F-ratio test also considers the residuals of the best and
second-best integer solution, but additionally takes into account
the residuals of the complete float solution, é =y — Aa — Bb. It
is defined as follows:

lélly, + lla — ally,
(,) Qa

Accept ar g iff: (28)

léNs, +lla —asliy, —
Qy Q(I

in which ¢ > 1 is the chosen critical value. Note that the choice of
the critical value is not trivial. In practice, it is often assumed that
the test statistic has an F-distribution, so that the critical value can
be based on a choice of the level of significance. However, this is
not correct because the terms in the numerator and denominator are
not independent and not x? distributed.®! Still, the test in Eq. (28)
is often used and seems to work satisfactorily; see, for examples,
Refs. 48 and 51. In Ref. 54 it is proposed to use the test statistic with
a critical value of ¢ =2.

Integer Aperture Estimation with the F-Ratio Test

With the ratio test, the solution is always accepted or rejected
for a certain value of the ambiguity residuals and for a certain .
With the F-ratio test in Eq. (28), however, this is not the case. The
test statistic namely depends on the residuals of the complete float
solution and on the ambiguity residuals. Using the inverse ratio of
Eq. (28), the test becomes

ey, +lla —acsliy,
Qy Qi

Accept dr g iff: <u, O<pu<l

12l + lla — a1,

(29)
It can be shown that the procedure underlying this test is a member
of the class of IA estimators. An integer perturbation of the observa-
tions y + Az, with z € Z", does not propagate into the least-squares
residuals, and a, dis, and d, all undergo the same change, so that
both a — di s and a — d, are invariant under the integer perturbation.

F-Ratio Test Aperture Pull-in Region
Similarly to the ratio test, it can be shown what the geometry of
the aperture pull-in regions of the F-ratio test IA estimator is:

. 2 A2 2 An2
Q : lIxly, + 1205, < n(lx —zlg, +1él15,)

Vz € Z" \ {0}, O<pu<l

= lxly, < mlx —zlly, + = Dlely,

=+ /(= walp, < /0 =wlzly, — e,
Vz e Z"\ {0} (30)

So € is equal to the intersection of all ellipsoids with centers
—[m/(1 — )]z and radius equal to the square root of the term on
the right-hand side of the last inequality in Eq. (30). The shape of
the aperture pull-in region is identical to that of the ratio test IA
estimator. Obviously, the difference with the ratio test IA estimator
is that the radii depend on the sample value of é. For the same value
of p they will be smaller than or equal to the radii of the ellipsoids
determining the ratio test IA aperture pull-in region.

Difference Test

The ratio test statistic is defined as the ratio of the quadratic forms
R, and R,. Another approach would be to look at the difference®®
such that the test becomes

Accept ars iff: Ry — Ry > ¢ 31



VERHAGEN AND TEUNISSEN 987

It will be clear that again the problem with this test is the choice
of the critical value c¢: only an empirically determined value can be
used. Note that in contrast to the ratio test (22), with this test the
critical value depends on the variance factor of unit weight, o2, if
Q{; =0 2 G& .

Integer Aperture Estimation with the Difference Test

Similarly to the ratio test, it can be shown that the procedure un-
derlying the difference test (31) belongs to the class of IA estimators.
The acceptance region of this test is given as follows:

Q={xeR"||x —Zuslly, < lx —%lpy, —n} (G2
Let 2, =QNS,. Then
Qo ={x e R" | |IxI}, <llx —zl}), — ¥z € Z"\ {0}
Q. =Q+7z, VzeZ"
Q= % (33)
The proof is as follows:

Q.

Qns,

v 2 ¥ o2
{x €S, 1l —Fuslly, < llx —%allf, —u}

{xes. e —Jsly, <lx—uly, —p, VueZ"\ tis}}

{xeS 1 Ix—zlp, <llx—ulfy, —u Yu e Z'\ {z}}

[xeR" [Ix—zlp, <llx—ull}y, —p.YueZ'\ (z}}

freR" [Iylg, <lly —vlly, —n Yo eZ" \ {0}, x =y +2}

QQS()‘FZ
Q+z

The first two equalities follow from the definition of the dif-
ference test, and the third from |X _iLS”2Qn <|x —)?2||an <
I£ —ullfy, Yu€Z"\ {(¥s). The fourth equality follows since
XLs =z 1s equivalent to x € S,. The fifth equality follows from the
fact that © > 0. The last equalities follow from a change of variables
and the definition of Q¢ = Q2 N §. Finally, note that

UQZ=U(QHSZ)=QD(USZ>

zez? zez zez?

This ends the proof of Eq. (33).

It has been shown that the acceptance region of the difference
test consists of an infinite number of integer-translated copies of a
subset of the ILS pull-in region S;. And thus, the difference test
procedure is an IA estimator with aperture parameter .

Difference Test Aperture Pull-in Region

In a way similar to that of the ratio test aperture pull-in region,
the geometry of the aperture pull-in region of the difference test can
be revealed. From the definition of 2, it follows that

Qo:lixllg, < llx—zlg, —w,  ¥YzeZ'\{0}, u=0

_ 1
= x"07'z = S (llzllg, — 1)
T -1 2
270 'x iz, — 1
Q; < el 34)
Izllg, 2lzll,,

On the left-hand side of Eq. (34) we recognize the orthogonal
projection of x onto the direction z. This shows that the aperture
pull-in region 2 is determined by intersecting half-spaces that are

Fig. 3 Geometry of dif-
ference test aperture pull-
in region (gray) for O,
n=04.

bounded by planes orthogonal to z and passing through the points
0= (/12 e

The geometry of €2 is thus very similar to that of the ILS pull-in
region Sy, which is also determined by half-spaces bounded by the
planes orthogonal to z; see Eq. (13). The difference is that these
planes pass through the midpoint %z, whereas in the case of the
difference test this point depends on the distance ||z||2Q> and on .
This implies that the difference test aperture pull-in region is a down-
scaled version of the ILS pull-in region, but that the scaling depends
on the direction.

Figure 3 shows a two-dimensional example of the geometry of
the aperture pull-in region. The black lines are the planes orthogonal
to z and passing through the point %[1 - (;L/IIZIIZQa)]z.

Projector Test

The projector test is defined as’>

v v —1,A v
(ar — aLs)TQ~ (@ —acs)
a

ldy — avsllg,

Accept ag iff: (35)

This test is based on the erroneous assumption that the classical
theory of hypothesis testing in linear models is applicable to the
current situation. The test is referred to as the projector test because
the term on the left-hand side of Eq. (35) equals a projector. It
projects a — ds orthogonally on the direction of d, — dys, in the
metric of Q. Furthermore, note that the following is true:

(dr — éLS)TQ;I(& —drs)

ld, — asllg,

L. .
= 5 llde = asllo; (36)

This inequality implies that the fixed solution will always be ac-
cepted if y1 > 1 ld> — dirsl g, -

Integer Aperture Estimation with the Projector Test
The acceptance region of the projector test is given as

Q={xeR"| (fs—H) Q;' (x—¥s) < pll¥s—Xallg,} (37)
In a way similar to that for the difference test it can be proven that

—1 .
Q={reSo Q¥ <plellg;, c=arg min ¥ —zl, }

zeZ"\{
Q. =Q+z, VzeZ"
Q= Q
z€Z" (38)

And thus the procedure underlying the projector test also belongs
to the class of IA estimators.

Projector Test Aperture Pull-in Region

From Eq. (38) it follows that €2 is bounded by the planes orthog-
onal to ¢ and passing through pc, and these planes themselves are
bounded by the condition that ¢ = arg min, ¢ zn\joy l* — 2 ||2Q& for all
x on the plane.

Figure 4 shows a two-dimensional example of the geometry of the
aperture pull-in region €2y. The black lines are the planes orthogonal



988 VERHAGEN AND TEUNISSEN

to ¢ and passing through pc. For the geometry of €2y, these planes
are bounded by the condition that ¢ = argmin, ¢ zn\ oy [|* — 2 ||é& for
all x € . Therefore, sectors within the ILS pull-in region are
also shown as alternating gray and white regions, with the sectors
containing all x with a certain integer c as second closest integer.
The region €2, follows as the region bounded by the intersection of
the black lines and the sectors, and by the boundaries of the sectors.
This results in a strange nonconvex shape of the aperture pull-in
regions in the direction of the vertices of the ILS pull-in region.

Evaluation of the Tests

To illustrate the principle and the properties of the discrimi-
nation tests and the optimal test, examples will be given here.
These examples are also used to illustrate the differences between
the tests.

Simulations were carried out to generate 500,000 samples of the
float range/baseline parameters and ambiguities for different mod-
els. The first step is to use a random generator to generate n inde-
pendent samples from the univariate standard normal distribution
N (0, 1), and then collect these in a vector x. This vector is trans-
formed by means of @ = Gx, with G equal to the Cholesky factor
Q: =GGT . Theresultis asample a from N (0, Q;), and this sample
is used as input for integer least-squares estimation. If the output
of this estimator equals the null vector, then it is correct; otherwise
it is incorrect. This process can be repeated N times, and one can
count how many times the null vector is obtained as solution, say N,
times, and how often the outcome equals a nonzero integer vector,
say Ny times. The approximations of the success rate and failure
rate then follow as

Px:Nr/N7

Py =Ny/N

Fig. 4 Geometry of pro-
jector test aperture pull-in
region (black) for Q, p=1.

-1 -0.5 0 0.5 1

ratio test

difference test

To get good approximations, the number of samples N must be
chosen sufficiently large; see Ref. 22.

We will start with a two-dimensional example. The following
variance matrices Q; are used:

[ 0.0865 —0.0364 B 08 0]
"7 1-0.0364  0.0847 | Q=014 4| G

The first variance matrix corresponds to a dual-frequency GPS
model for one satellite—receiver pair.

Figure 5 shows examples of the aperture pull-in regions for the
different tests as obtained with two different failure rates. The aper-
ture pull-in regions of the F-ratio test are not shown, because for the
same failure rate the size of the corresponding regions still depends
on the sample. Recall that the shape is identical to that of the ratio
test aperture pull-in region.

The geometry of the regions obtained with the different discrim-
ination tests was revealed in the previous sections, obviously re-
sulting in quite different shapes. The shape of the optimal aperture
pull-in region is determined by the probability distributions of the
float ambiguities and the ambiguity residuals.

Especially with Q, the regions for the ratio test and optimal test
are very similar. This is an explanation for why the performance
of the ratio test is good in many practical situations. The regions
are especially different in the direction of the vertices of the ILS
pull-in region. That is because in those directions there are two
second-best integer vectors such that ||a — a, ||2QA =la —as]%., but
the squared norm on the right-hand side is not considered by the
ratio test, whereas it does affect the size of the optimal test statistic.
If the aperture parameter is chosen so that the optimal IA pull-in
region just touches the ILS pull-in region, this results in the largest
difference between the ratio test and optimal test. The reason is that
for a large aperture parameter the optimal IA pull-in region is cut
off by the ILS pull-in region. This is not the case for the ratio test
pull-in region, because it starts to resemble the shape of the ILS
pull-in region for large x.

For Q,, the difference between the tests seems to be much more
significant. However, it should be noted that for this example there
is a very low probability that a will fall into the region where the
two aperture pull-in regions do not overlap, so that the performance
of the two tests is still quite similar.

With respect to the difference test, conclusions similar to those
for the ratio test can be drawn, although the difference from the
optimal test is somewhat more significant. This is due to the shape
of the aperture pull-in regions. Since these regions are bounded by
planes, the pull-in regions are different not only from the optimal

projector test

ratio test

projector test

0.5

0.5 050

0.5

-0.5

-0.5 0 0.5 -0.5

0.5 -0.5 0 0.5

Fig. 5 Examples of two-dimensional aperture pull-in regions of the discrimination tests (black) and optimal test (gray) for two different failure rates.
Top: @1, failure rates of 0.005 and 0.06; Bottom: Q,, failure rates of 0.005 and 0.4.
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IA pull-in regions in the direction of the vertices of the ILS pull-in
region, but also in the direction of the adjacent integers.

The difference between the aperture pull-in regions of the optimal
test and the projector test is much clearer than for the other two
tests, due to the nonconvex shape of the region corresponding to the
projector test.

To get an idea of the actual performance of the tests in practice,
simulations are used for several geometry-based, dual-frequency
GPS models. The GPS constellation is based on the Yuma almanac
for GPS week 184 and a cut-off elevation of 15 deg. Undiffer-
enced standard deviations of 30 cm and 3 mm are used for the
code and phase observations, respectively. The GPS model is set
up for a single epoch for two different times, at which four and
six satellites were visible, respectively. The baseline length was
chosen to be short to medium length by varying the ionospheric
standard deviation o;. For the simulation 500,000 samples are
used.

Table 1 shows the success rates as obtained with the various inte-
ger aperture estimators. Two different failure rates are used with each
of the models. The results for Q, corresponding to a geometry-free
model for two satellites, are also included. By definition the optimal
integer aperture estimator will result in the highest success rates, but
it turns out that the discrimination tests result in comparable success
rates for most examples. The success rates obtained with the ratio
test and the difference test are especially close to those obtained
with optimal IA estimation.

Table 2 shows the percentage of decisions identical to the optimal
test, based on a comparison of the decisions for each generated
sample. This table confirms that indeed the ratio test and difference
test perform close to optimally. The F-ratio test and the projector
test clearly perform less close to optimally.

These results are as could be expected from the comparison of
the aperture pull-in regions for the two-dimensional examples.

Table 1 Success rates obtained with our fixed failure rate approach
for ratio test (R), F-ratio test (F-R), difference test (D), projector test
(P), and optimal test (0)?

Success rates

No.SV  ojlem] Py R FR D P 0
2 0 0.005 0369 0318 0365 0363 0.369
0025 0637 0615 0636 0633 0.637
4 0 0005 0328 0297 0320 0312 0330
0025 0550 0536 0543 0532 0552
4 1 0005 0.026 0021 0025 0025 0.026
0.025 0082 0073 0079 0079 0.083
6 1 0.005 0976 0976 0976 0910 0.976
0010 0987 0987 0987 0978 0.987
6 3 0.005 0025 0023 0027 0027 0.031

0.025 0.089 0.084 0.091 0.083 0.098

2The first two columns show the number of satellites (No. SV) and ionospheric
standard deviation (o) respectively.

Table 2 Percentage of decisions identical to optimal test for
ratio test (R), F-ratio test (F-R), difference test (D), and
projector test (P) if our fixed failure rate approach is used?

% identical
No. SV o [em] Py R F-R D P
2 0 0.005 98.8 87.1 97.2 96.7
0.025 99.2 92.6 97.6 96.5
4 0 0.005 97.8 91.0 95.6 93.9
0.025 97.9 93.4 95.0 92.6
4 1 0.005 99.6 97.3 98.6 98.7
0.025 98.6 93.7 96.0 96.1
6 1 0.005 99.6 99.6 99.9 92.0
0.010 99.9 99.9 99.9 98.7
6 3 0.005 97.0 96.6 97.9 97.6

0.025 93.8 92.7 94.9 92.7

“The first two columns show the number of satellites (No. SV) and ionospheric
standard deviation (o), respectively.

Table 3 Critical values obtained with our fixed failure rate
approach for ratio test (R), F-ratio test (F-R), difference test (D),
projector test (P), and optimal test (O)?

Critical values

No.SV o7 [cm] Py R F-R D P (0]
2 0 0.005 0.106 0.160 7.803 0.888 1.031
0.025 0.318 0.390 4379 1343 1.151
4 0 0.005 0.345 0449 7915 1.498 1.040
0.025 0.551 0.640 4.837 1.848 1.167
4 1 0.005 0.187 0.343 5.670 0.772 1.253
0.025 0.335 0.501 4216 1.001 1.445
6 1 0.005 0.854 0.891 2.878 2.690 1.250
0.010 0977 0.983 0440 3.499 1.844
6 3 0.005 0.392 0.609 6.095 0476 1.206

0.025 0.542 0.717 4576 0.835 1.379

2The first two columns show the number of satellites (No. SV) and ionospheric
standard deviation (o), respectively.

Currently, in practice, the discrimination tests are used in combi-
nation with a fixed critical value. The results in Table 3 show that it
is not desirable to do so, because it may result in tests that are either
too conservative or too optimistic. From the table it follows that to
obtain the same failure rate for differently models, the correspond-
ing critical values must be chosen quite differently. For the ratio test
a critical value of 1 or 0.5 is often used.*** The critical values ob-
tained with the fixed failure rates in Table 3 are much larger or much
smaller in most cases. Hence, the corresponding failure rates are ei-
ther smaller or larger, depending on the model at hand. This is also
true for the F-ratio test, for which a critical value of 0.5 is mostly
used.>* If the projector test statistic is assumed to have a (truncated)
normal distribution, and the critical value is chosen based on a level
of significance of 0.05, the corresponding failure rates vary between
0.000 for the model with six satellites and o; = 1 cm, and 0.487 for
the model with four satellites and o; =1 cm. The critical values
of the difference test obtained for the model with six satellites and
o; =1 cm are very different from those obtained for the other mod-
els. Hence, the difference test applied with a fixed critical value will
also result in different failure rates. Obviously, the approach of in-
teger aperture estimation with a fixed failure rate is to be preferred
above the traditional approaches.

Conclusions

In this contribution an overall approach is presented for the com-
bined problem of integer estimation and validation. This approach,
which is based on the theory of integer aperture estimation, for the
first time includes an overall probabilistic evaluation of GNSS am-
biguity resolution. With the freedom to set the size and shape of the
aperture pull-in region, integer aperture estimation allows the user to
get control over the failure rate of ambiguity resolution. It has been
shown that the various integer discrimination tests that are in use in
practice for integer validation are all members of the same class of
integer aperture estimators. This common theoretical basis makes
a rigorous comparison of their performances possible. By reveal-
ing the geometry of the aperture pull-in regions, further insight was
gained into the driving mechanisms of the different discrimination
tests.

We also presented the optimal integer aperture estimator. This is
the estimator that maximizes the success rate for a user-given failure
rate. It was given for an arbitrary PDF of the float solution. For the
case of a multivariate normal distribution, the optimal estimator
was compared to the discrimination tests, both in a qualitative and
in a quantitative manner. In this comparison we identified some
pitfalls and erroneous assumptions on which these tests were based
in the literature. It also followed from the comparison that the ratio
test and the difference test could both give a performance close to
optimal. However, this performance is valid when our fixed failure
rate approach is used, but not if the classical approach of using a
fixed critical value is used.

The fixed-failure-rate approach implies that the aperture param-
eter, which governs the size of the pull-in region, is automatically
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adapted to the strength of the underlying model. If the strength of
the underlying model increases, for example, due to the use of more
data or more precise data, the size of the aperture pull-in region will
automatically increase, thus resulting in more frequent acceptance
of the integer solution. Hence, with this approach the time to first
fix will be shorter, while at the same time it is guaranteed that the
probability of incorrect fixing is below a user-defined threshold.
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